Orthogonal frequency division multiplexing (OFDM) has been widely used in multi-carrier communication systems. However, high the peak-to-average power ratio (PAPR) is a very troublesome problem in OFDM system. In the paper, we propose a construction of Golay complementary sets (GCSs) with size 4 of flexible lengths using even-shift complementary pairs (ESCPs). Based on computer search, we find that there exist a large number of even-shift complementary pairs of various lengths, and we also propose some constructions of ESCPs, which are very useful for the construction of GCSs.
I. INTRODUCTION A. MOTIVATION
A pair of sequences is called a Golay complementary pair (GCP) if their aperiodic auto-correlation sums are zero for each non-zero shifts [1] , [2] . GCPs were first proposed by Golay during his work on infrared multislit spectrometry [1] . Due to its attractive correlation properties, such sequences have been found to have important engineering applications in many respects, please refer to [3] - [5] , for details. However, binary GCPs are only available for lengths of the form 2 α 10 β 26 γ , where α, β and γ are non-negative integers. In 1972, Tseng and Liu [6] extended the concept of GCPs to Golay complementary set (GCS), where the aperiodic auto-correlations of all the sequences in a GCS are summed to zero except at zero time shift. For more than 40 years, GCSs have many applications in communications including channel estimation of MIMO system [7] , [8] , asynchronous detection and identification of multiple users [9] , multi-image deblurring [10] , radar [11] , and peak-to-average power ratio (PAPR) control in orthogonal frequency division multiplexing (OFDM) [12] , [13] and so on. In particular, their application in OFDM systems is more prominent.
OFDM is a special digital modulation technology of multi-carriers. Unlike normal single carrier technology, The associate editor coordinating the review of this manuscript and approving it for publication was Luis Javier Garcia Villalba . such as AM/FM, OFDM can transmit a number of data streams simultaneously through its sub-carriers which are orthogonal. The orthogonality also allows high spectral efficiency, and frequency (subcarrier) interleaving increases resistance to frequency-selective channel conditions such as fading. However high PAPR is a tricky problem in OFDM systems [12] - [14] . To deal with the problem, Davis and Jedwab made a significant contribution: They constructed 2 h -ary GCPs by using generalized Boolean functions, and proved that the PAPR of GCPs is at most 2 [14] . Later, Paterson continued to improve the result, which constructed the q-ary (q is a even number) GCPs by using generalized Boolean functions and proved that the PAPR of the GCSs is upper bounded by the set size [12] . Therefore GCSs can also solve the problem of high PAPR in OFDM systems.
B. PRIOR WORK AND MAIN CONTRIBUTIONS
In 2000, Paterson proposed a construction of GCSs with size 2 k+1 with sequences of length 2 m by using the generalized first-order Reed-Muller codes [12] . In 2006, Chen et al. also presented a construction of GCSs with size 2 k+1 having sequences of length 2 m from the first-order Reed-Muller codes [15] . In 2007, Schmidt used higher order Reed-Muller codes and extended Paterson's results by constructing GCSs with size 2 k+1 having sequences of length 2 m [16] . In 2019, Ma et al. presented a construction of GCSs with size M = 2 m and of length M K by using generalized paraunitary generators [17] . It is noteworthy that the lengths of the GCSs constructed by [12] , [15] - [17] is power-of-two. In practice, non-power-of-two sequence lengths are preferred in some scenarios. For example, the 3GPP long term evolution (LTE) system and narrowband internet-of-things (NB-IoT) technology employ the primary synchronization sequences of length 62 and 11, respectively [18] . It was not until 2016 that Chen first proposed the construction of GCSs with non-power-of-two length [13] .
In recent years, many methods have been presented for constructing GCSs with non-power-of-two length. Wang et al. proposed two constructions of GCSs with size 4 of length 2 m−1 + 2 v by using generalized Boolean functions [19] . In the same year, Chen constructed GCSs with size 2 k + 1 and of length 2 m−1 + 2 v by using generalized Boolean functions different from Chen [20] . In 2018, Chen gave a construction of GCSs with size 2 k+1 (k ≥ 2) of flexible lengths by using generalized Boolean functions [21] . In 2019, Adhikary et al. proposed a novel construction of GCSs with size 4 of length N + 1 and N + 2 by inserting points into the GCPs of length N , and also proposed a construction of GCSs with size 8 of length 2N + 3 [22] . At the same year, Wang et al. gave a construction of GCSs with size 4 of length N +M and a construction of GCSs with size 8 of length N +P, where N , M are the lengths of GCPs and P is the length of the GCSs with size 4 [23] . All the systematic constructions of GCSs consisting sequences of lengths non-power-of-two, available in the literature, have been listed in Table 1 .
In addition, Wu et al. proposed the fast algorithms for designing GCSs based on the general majorizationminimization method [24] .
In this paper, we mainly propose a new construction of binary GCSs with size 4 of flexible lengths by exploiting the intrinsic properties of GCPs and a special sequence pair (even-shift complementary pair). In addition, based on computer search, we find a lot of ESCPs of length N ≤ 28 and propose some constructions of ESCPs. At the same time, we give a property of ESCPs with odd length that can be used to search for ESCPs of large and odd length.
C. ORGANIZATION
The rest of the paper is organised as follows. In Section II, we specify some general symbols and introduce some definitions. In Section III, we propose a construction of GCSs with size 4 of flexible lengths based on ESCPs. In Section IV, some properties and constructions of ESCPs are also given. Finally, we conclude our work in Section V.
II. PRELIMINARIES
Let us first specify some special symbols as follows:
• a||b denotes the horizontal concatenation of a and b; • ← − a denotes the reverse of a;
• ⊕ denotes the modulo 2 addition; • 1 ⊕ a = (1 ⊕ a 0 , 1 ⊕ a 1 , · · · , 1 ⊕ a N −1 ) denotes the negation of binary sequence a;
• ⊗ denotes the Kronecker product.
A. GOLAY COMPLEMENTARY SETS
A sequence a = (a 0 , a 1 , · · · , a N −1 ), a i ∈ Z 2 = {0, 1}, is called a binary sequence. For any two binary sequences a and b of length N , define
When a = b, R a,b (τ ) is called the aperiodic cross-correlation function (ACCF); otherwise, it is called the aperiodic autocorrelation function (AACF), which is written as R a (τ ) for short.
Definition 1 (Golay Complementary Set): Let
S = {s 0 , s 1 , · · · , s M −1 } be a
sequence set consisting of M binary sequences of length N . Then S is called a Golay complementary set (GCS) if
In particular, if M = 2, then the GCS S is called a Golay complementary pair (GCP). VOLUME 8, 2020 Definition 2 (Golay Complementary Mate): Let (a, b) and (c, d) be two GCPs of length N . If
then (c, d) is called a Golay complementary mate of (a, b). Definition 3 (Even-Shift Orthogonal Sequences [25] ): For a binary sequence a of length N , it is called an even-shift orthogonal sequences if
(4) In this paper, we generalize the definition of GCPs and even-shift orthogonal sequences as follows.
Definition 4 (Even-Shift Complementary Pair): For a pair of binary sequences (a, b) of length N , it is called an even-shift complementary pair (ESCP) if
(5) Obviously, a GCP is an ESCP. Definition 5 (Insertion Function [26] ): For a sequence a = (a 0 , a 1 , · · · , a N −1 ), an element d ∈ {0, 1}, and an insertion position r ∈ {0, 1, · · · , N }, define I(a, d, r) as an insertion function as follows:
B. INTERLEAVING OPERATION
For any two binary sequences a = (a 0 , a 1 , · · · , a N −1 ) and b = (b 0 , b 1 , · · · , b N −1 ) of length N , define an interleaved sequence c of length 2N as follows:
where I is called the interleaving operator. It can be observed that
Let us consider an OFDM system with N sub-carriers. For any binary sequence a of length N , the OFDM signal can be expressed as
The instantaneous power of sequence a is defined as P a (t) = |S a (t)| 2 . Then the peak-to-average power ratio (PAPR) of a is defined as
For a binary sequence set C, define the PAPR of C as follows
In [12] , we can easily know that the following relationship between the instantaneous power and the aperiodic auto-correlation function.
where Re{x} denotes the real part of the complex number x. Furthermore, for any binary GCS
which results in P c i (t) ≤ MN , and then PAPR(c i ) ≤ M . Hence we have
III. A CONSTRUCTION OF GOLAY COMPLEMENTARY SETS
In the section, we give the main results of this paper. For better understanding, we define an operator '•' before giving the main result.
where e = (e 0 , e 1 , · · · , e L−1 ) is a binary sequence of length L, (g, h) is a pair of sequences of equal length N and e i ⊕ g = (e i ⊕ g 0 , e i ⊕ g 1 , · · · , e i ⊕ g N −1 ). Example 1: Let e 1 = (0, 1, 0) be a sequence with length 3 and e 2 = (0, 1, 0, 0) be a sequence with length 4, and let (g, h) = (0, 0, 1, 0), (0, 0, 0, 1) , then
= (0, 0, 1, 0, 1, 1, 1, 0, 0, 0, 1, 0);
= (0, 0, 1, 0, 1, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0, 1). (16) Theorem 1 : Let (a, b) be a binary GCP of length N , and (p, q) be an ESCP of length L. Define
where
. Then G = {g 1 , g 2 , g 3 , g 4 } is a binary GCS of size 4 of length LN .
Proof: We only prove the case that L is odd. The case that L is even can be similarly discussed.
Note that (a, b) and (c, d) form a Golay mate [3] , we have
• When t = 0 and k is an odd number, we have
where the last equality is due to (20) and (21) for τ = 0 case. Similarly, we can prove that
• When t = 0 and k is an even number with k > 0, we have
Similarly, we have
Then we have
where the last equal sign is due to that (p, q) is an ESCP.
• When t = 0 and k is an even number, we have
where the last equal sign is due to that (a, b) and (c, d) form a Golay complementary mate. Similarly, we can prove that R g 3 (τ ) + R g 4 (τ ) = 0.
where the last equal sign is due to that (a, b) and (c, d) form a Golay complementary mate. Similarly, we can prove that R g 3 (τ ) + R g 4 (τ ) = 0. According to the discussion above, the set G is a GCS of size 4.
In the following, we give an example to illustrate Theorem 1.
Example 2: Let (p, q) = ((1, 0, 0, 0, 0, 0, 0), (0, 0, 1, 1, 1, 0, 0)).
It is easily to check that (p, q) be an ESCP of length 7.
If (a, b) = (1), (1) is a GCP of length 1, then we can obtain a GCS G 1 with size 4 of length 7 by Theorem 1, i.e., g 11 = (0, 1, 1, 1, 1, 1, 1); g 12 = (0, 0, 1, 0, 1, 0, 1); g 13 = (1, 1, 0, 0, 0, 1, 1); g 14 = (1, 0, 0, 1, 0, 0, 1).
Their aperiodic auto-correlation sums are R g 11 (τ ) + R g 12 (τ ) + R g 13 (τ ) + R g 14 (τ ) 6 τ =0 = (28, 0 6 ). (30) VOLUME 8, 2020 If (a, b) = (0, 0), (0, 1) is a GCP of length 2, then we can obtain a GCS G 2 with size 4 of length 14 by Theorem 1, i.e., g 21 = (1, 1, 1, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0); 0, 1, 1, 0, 1, 1, 1, 0, 1, 1, 1 , 0, 1); g 23 = (0, 0, 1, 0, 1, 1, 0, 1, 1, 1, 1, 0, 0, 0); 0, 1, 1, 1, 1, 0, 0, 0, 1, 0, 1, 1, 0, 1) .
Their aperiodic auto-correlation sums are
= (56, 0 13 ).
(32)
IV. EVEN-SHIFT COMPLEMENTARY PAIRS
Based on Theorem 1, the lengths NL of binary GCSs mainly depend on the length N of GCPs and the lengths L of ESCPs. However, known binary GCPs are limited of the from 2 α 10 β 26 γ . Therefore, we prefer to find ESCPs of various lengths L. In this section, we will discuss the property of ESCPs, and also give several constructions of ESCPs. Besides, we list some ESCPs of short length ≤ 28 by computer search.
A. PROPERTIES OF EVEN-SHIFT COMPLEMENTARY PAIRS
In the subsection, we give two additional properties of ESCPs, which the first property can be used to search ESCPs of odd lengths. Property 1: For an ESCP of (a, b) with odd length L, then
where 1 ≤ r ≤ (L − 3)/2. Proof: Since (a, b) is an ESCP, we have R a (L − 1) + R b (L − 1) = 0, i.e.,
which implies that a 0 + a L−1 + b 0 + b L−1 ≡ 1 (mod 2). We use mathematical induction to prove the property when 1 ≤ r ≤ (L − 3)/2. since (a, b) is an ESCP, we have
which implies that
Thus, a 1 + a L−2 + b 1 + b L−2 ≡ 0 (mod 2).
• Assuming that the property holds when r < k (where 2 ≤ k ≤ (L − 3)/2), and now we prove that the property holds when r = k. 1) When k is an odd number, since (a, b) is an ESCP, we have
Then one has
The second property of ESCPs is extended from the property of GCPs [3] . 1 ⊕ a, b), (a, 1 ⊕ b) , (1 ⊕ a, 1 ⊕ b) ,
B. NEW CONSTRUCTIONS OF ESCPS
In the following, we propose some constructions of ESCPs. Theorem 2 : Let (a, b) be a binary GCP of length N , then (p, q) given by Table 2 is an ESCP of length 2N +1 or 2N +2. 
The proof of Case 2 is similar to Case 1. Case 3: Let τ = 2k, 1 ≤ k ≤ N , according to Eq. (8), then we have
The proof of Case 4 is similar to Case 3. Case 5: Let τ = 2k, 1 ≤ k ≤ N , according to Eq. (8), then we have
Since (a, b) is a GCP, we have R p (τ ) + R q (τ ) = 0. Example 3: Let (a, b) = (0, 0, 0, 1), (0, 0, 1, 0) , which is a binary GCP of length 4, and let (i, j) = (0, 0). Then, according to the Case 5 of Theorem 2, we can obtain an ESCP (p, q) of length 10 as follows, p = (0, 0, 0, 0, 0, 0, 1, 1, 0, 0); q = (0, 0, 1, 0, 1, 0, 0, 1, 1, 1); 
Then the assertion holds immediately. Table 3 is an ESCP of length 2N . Example 4: Let (a, b) = (0, 0, 0), (1, 0, 0) , which is an ESCP of length 3. According to Case 3 of Theorem 4, we can obtain an ESCP (g, h) of length 6 as follows, g = (0, 0, 0, 1, 0, 0); h = (1, 1, 1, 1, 0, 0);
= (12, 4, 0, 0, 0, 0).
(46) is an ESCP of length L 1 + L 2 . Proof: Assume that L 1 ≤ L 2 . We can discuss in three cases. • Case 1: 0 < τ ≤ L 1 − 1 and τ is an even number.
We have
Since a and b are two even-shift orthogonal sequences, one has R e (τ ) + R f (τ ) = 0.
• Case 2: L 1 ≤ τ ≤ L 2 − 1 and τ is an even number. We have
Since b is an even-shift orthogonal sequence, one has R e (τ ) + R f (τ ) = 0.
• Case 3: L 2 ≤ τ ≤ L 1 + L 2 − 1 and τ is an even number. We have
and then R e (τ ) + R f (τ ) = 0. From the above, (e, f) is an ESCP.
Example 5: Let a = (1, 1, 1, 0) and b = (0, 1, 1, 0, 0, 0, 0, 0) be two even-shift orthogonal sequences with length 4 and 8, respectively. According to Theorem 6, we can get an ESCP (e, f) with length 12. e = (1, 1, 1, 0, 0, 1, 1, 0, 0, 0, 0, 0); f = (0, 0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0); R e (τ ) + R f (τ ) 11 τ =0 = (24, 8, 0, 0, 0, −2, 0, 2, 0, 0, 0, 0).
(52)
C. ESCPS OF SHORT LENGTHS
The lengths of ESCPs constructed by Theorems 2-6 are limited. However, based on computer search, we found a lot of ESCPs of various lengths, and some examples of ESCPs of lengths up to 28 are shown in Table 4 .
D. EXISTING CONSTRUCTIONS OF GCSS WITH SIZE 4
In [28] , the authors found that the lengths of the known binary GCPs up to 100 are quite limited, and are with However, as an extension of GCPs, GCSs should have more flexible lengths. In [12] , Paterson proved that the PAPR of the GCSs is at most the set size. For this reason, here let us consider the binary GCSs with size 4 because they have a low PAPR. Table 5 shows the lengths of binary GCSs with size 4 that can be achieved by existing constructions and our construction. The new lengths of binary GCSs by our construction are remarked in red.
V. CONCLUSION
In the paper, we proposed a new construction of binary GCSs of size 4 with flexible length by using the inherent properties of GCPs and a new sequence pair (ESCPs). Due to that the lengths of ESCPs are related to the lengths of GCSs, we need ESCPs with various lengths to construct GCSs with various lengths. Therefore, we further investigated the constructions of ESCPs, and gave their properties with odd length, which can be used to design ESCPs with large and odd lengths. Moreover, based on computer search, we found that there exist ESCPs of length N ≤ 28. They can be used to construct GCSs of various lengths and improve the flexibility of sequence design in wireless communication systems.
